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A WINTGEN TYPE INEQUALITY FOR SURFACES IN 4D
NEUTRAL PSEUDO-RIEMANNIAN SPACE FORMS AND ITS
APPLICATIONS TO MINIMAL IMMERSIONS
BANG-YEN CHEN
Abstract. LetM be a space-like surface immersed in a 4-dimensional pseudo-
Riemannian space form R4
2
(c) with constant sectional curvature c and index
two. In the first part of this article, we prove that the Gauss curvature K, the
normal curvature KD, and mean curvature vector H of M satisfy the general
inequality: K +KD ≥ 〈H,H〉 + c. In the second part, we investigate space-
like minimal surfaces in R4
2
(c) which satisfy the equality case of the inequality
identically. Several classification results in this respect are then obtained.
1. Introduction.
Let Emt denote the pseudo-Euclidean m-space equipped with pseudo-Euclidean
metric of index t given by
gt = −
t∑
i=1
dx2i +
n∑
j=t+1
dx2j ,(1.1)
where (x1, . . . , xm) is a rectangular coordinate system of E
m
t .
We put
Sks (c) =
{
x ∈ Ek+1s : 〈x, x〉 =
1
c
> 0
}
,(1.2)
Hks (c) =
{
x ∈ Ek+1s+1 : 〈x, x〉 =
1
c
< 0
}
,(1.3)
where 〈 , 〉 is the associated inner product. Then Sks (c) and H
k
s (c) are complete
pseudo-Riemannian manifolds of constant curvature c and with index s, which
are known as pseudo-Riemannian k-sphere and the pseudo-hyperbolic k-space, re-
spectively. The pseudo-Riemannian manifolds Eks , S
k
s (c) and H
k
s (−c) are called
pseudo-Riemannian space forms.
A vector v is called space-like (respectively, time-like) if 〈v, v〉 > 0 (respectively,
〈v, v〉 < 0). A vector v is called light-like if it is nonzero and it satisfies 〈v, v〉 = 0.
A surface M in a pseudo-Riemannian manifold is called space-like if each nonzero
tangent vector is space-like.
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Let M be a space-like surface immersed in a 4-dimensional pseudo-Riemannian
space form R42(c) with constant sectional curvature c and index 2. In section 3, we
recall a minimal immersion of H2(− 13 ) into the neutral pseudo-hyperbolic 4-space
H42 (−1) discovered recently by the author in [4]. In section 4, we prove that the
Gauss curvature K, the normal curvature KD, and mean curvature vector H of M
in R42(c) satisfy the following general inequality:
K +KD ≥ 〈H,H〉+ c.(1.4)
In this section, we also show that there exist many minimal space-like surfaces which
satisfy the equality case of this inequality. In section 5, we investigate space-like
minimal surfaces in the neutral pseudo-hyperbolic 4-space H42 (−1) which satisfy
the equality case of the inequality. In particular, we prove that if K + 1 is a
logarithm-harmonic function, then the minimal surface satisfies the equality case of
(1.4) identically if and only if, up to rigid motions of H42 (−1), the minimal surface
is congruent to the recently discovered minimal surface described in section 3. In
the last two sections, we study minimal space-like surfaces in E42 and in S
4
2 which
satisfy the equality case of (1.4). Several classification results in this respect are
then obtained.
2. Preliminaries.
2.1. Basic formulas and definitions. Let R42(c) denote the 4-dimensional neu-
tral pseudo-Riemannian space form of constant curvature c and with index two.
Then the curvature tensor R˜ of R42(c) is given by
R˜(X,Y )Z = c{〈X,Z〉Y − 〈Y, Z〉X}(2.1)
for vectors X,Y, Z tangent to R42(c). Let ψ : M → R
4
2(c) be an isometric immer-
sion of a space-like surface M into R42(c). Denote by ∇ and ∇˜ the Levi-Civita
connections on M and R42(c), respectively.
For vector fields X,Y tangent toM and vector field ξ normal toM , the formulas
of Gauss and Weingarten are given respectively by (cf. [1, 2, 9]):
∇˜XY = ∇XY + h(X,Y ),(2.2)
∇˜Xξ = −AξX +DXξ,(2.3)
where ∇XY and AξX are the tangential components and h(X,Y ) and DXξ are
the normal components of ∇˜XY and ∇˜Xξ, respectively. These formulas define the
second fundamental form h, the shape operator A, and the normal connection D
of M in R42(c).
For each normal vector ξ ∈ T⊥x M , Aξ is a symmetric endomorphism of the
tangent space TxM, x ∈M . The shape operator and the second fundamental form
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are related by
〈h(X,Y ), ξ〉 = 〈AξX,Y 〉 .(2.4)
The mean curvature vector H of M in R42(c) is defined by
H =
(
1
2
)
traceh.(2.5)
The mean curvature of M in R42(c) is defined to be
√
−〈H,H〉.
The equations of Gauss, Codazzi and Ricci are given respectively by
R(X,Y )Z = 〈X,Z〉Y − 〈Y, Z〉X +Ah(Y,Z)X −Ah(X,Z)Y,(2.6)
(∇¯Xh)(Y, Z) = (∇¯Y h)(X,Z),(2.7) 〈
RD(X,Y )ξ, η
〉
= 〈[Aξ, Aη]X,Y 〉 ,(2.8)
for vector fields X,Y, Z tangent to M and ξ normal to M , where ∇¯h is defined by
(2.9) (∇¯Xh)(Y, Z) = DXh(Y, Z)− h(∇XY, Z)− h(Y,∇XZ),
and RD is the curvature tensor associated with the normal connection D, i.e.,
RD(X,Y )ξ = DXDY ξ −DYDXξ −D[X,Y ]ξ.(2.10)
For a space-like surface M in R42(c), the normal curvature K
D is given by
KD =
〈
RD(e1, e2)e3, e4
〉
.(2.11)
A surface M in R42(c) is called a parallel surface if ∇¯h = 0 holds identically. An
immersion ψ of a surface M in a pseudo-hyperbolic 4-space R42(c) is called full if
ψ(M) does not lies in any totally geodesic submanifold of R42(c).
The surfaceM in R42(c) is called totally umbilical if the second fundamental form
h of M satisfies h(X,Y ) = g(X,Y )ξ, ∀X,Y ∈ TM, for some normal vector field ξ.
For an immersion ψ :M → H42 (−1) of M into H
4
2 (−1), let
φ = ι ◦ ψ :M → E53
denote the composition of ψ with the standard inclusion ι : H42 (−1)→ E
5
3 via (1.3).
Denote by ∇˜ and ∇ the Levi-Civita connections of E53 and of M , respectively.
Let h be the second fundamental form of M in H42 (−1). Since H
4
2 (−1) is totally
umbilical with one as its mean curvature in E53, we have
∇˜XY = ∇XY + h(X,Y ) + φ(2.12)
for X,Y tangent to M .
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2.2. Connection forms. Let {e1, e2} be an orthonormal frame of the tangent
bundle TM of M . Then we have
〈e1, e1〉 = 〈e2, e2〉 = 1, 〈e1, e2〉 = 0.(2.13)
We may choose an orthonormal normal frame {e3, e4} of M in R
4
2(c) such that
〈e3, e3〉 = 〈e4, e4〉 = −1, 〈e3, e4〉 = 0.(2.14)
For the orthonormal frame {e1, e2, e3, e4}, we put
∇Xe1 = ω
2
1(X)e2, DXe3 = ω
4
3(X)e4,(2.15)
where ω21 and ω
4
3 are the connection forms of the tangent and the normal bundles.
The Gauss curvature K and the normal curvature KD ofM are related with the
connection forms ω21 and ω
4
3 by
dω21 = −K(∗1), dω
4
3 = −K
D(∗1),(2.16)
where ∗ is the Hodge star operator of M .
2.3. Ellipse of curvature. The ellipse of curvature of a surfaceM in R42(c) is the
subset of the normal plane defined as
{h(v, v) ∈ T⊥p M : |v| = 1, v ∈ TpM, p ∈M}.
To see that it is an ellipse, we consider an arbitrary orthogonal tangent frame
{e1, e2}. Put hij = h(ei, ej), i, j = 1, 2 and look at the following formula
h(v, v) = H +
h11 − h22
2
cos 2θ + h12 sin 2θ, v = cos θe1 + sin θe2.(2.17)
As v goes once around the unit tangent circle, h(v, v) goes twice around the ellipse.
The ellipse of curvature could degenerate into a line segment or a point.
The center of the ellipse is H . The ellipse of curvature is a circle if and only if
the following two conditions hold:
|h11 − h22|
2 = 4|h12|
2, 〈h11 − h22, h12〉 = 0.(2.18)
3. A minimal immersion of H2(− 13 ) into H
4
2 (−1).
In this section, we recall a minimal immersion ofH2(− 13 ) intoH
4
2 (−1) discovered
recently in [4].
Consider the map φ : R2 → E53 defined by
(3.1)
φ(s, t) =
(
sinh
(
2s
√
3
)
−
t
2
3
−
(
7
8
+
t
4
18
)
e
2s√
3 , t+
(
t
3
3
−
t
4
)
e
2s√
3 ,
1
2
+
t
2
2
e
2s√
3 , t+
(
t
3
3
+
t
4
)
e
2s√
3 , sinh
(
2s
√
3
)
−
t2
3
−
(
1
8
+
t
4
18
)
e
2s√
3
)
.
The position vector x of φ satisfies 〈x, x〉 = −1 and the induced metric via φ is
g = ds2 + e
2s√
3 dt2. Thus, φ defines an isometric immersion ψφ : H
2(− 13 )→ H
4
2 (−1)
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of the hyperbolic planeH2(− 13 ) of constant curvature−
1
3 intoH
4
2 (−1). This surface
satisfies KD = 2K = − 23 . So, we have K +K
D = −1.
It was proved in [4] that, up to rigid motions, ψφ : H
2(− 13 ) → H
4
2 (−1) is the
only parallel minimal space-like surface lying fully in H42 (−1).
Recently, B.-Y. Chen and B. D. Suceava˘ proved in [5] the following classification
theorem.
Theorem 3.1. Let ψ : M → H42 (−1) be a minimal immersion of a space-like
surface M into H42 (−1). If the Gauss curvature K and the normal curvature K
D
of M are constant, then one of the following three statements holds.
(1) K = −1,KD = 0, and ψ is totally geodesic.
(2) K = KD = 0 and ψ is congruent to an open part of the minimal surface
defined by
L(u, v) =
1
√
2
(coshu, cosh v, 0, sinhu, sinh v) .(3.2)
(3) KD = 2K = − 23 and ψ is congruent to an open part of the minimal surface
ψφ : H
2(− 13 )→ H
4
2 (−1) induced from (3.1).
Remark 3.1. IfM is a space-like totally geodesic surface inH42 (−1), then the surface
is congruent to an open part of the surface in H42 (−1) induced from
L(u, v) = (coshu coshv, 0, 0, coshu sinh v, sinhu)(3.3)
via (1.3).
4. A Wintgen type inequality for space-like surfaces in R42(c).
We need the following result for later use.
Theorem 4.1. Let M be a space-like surface in a 4-dimensional neutral pseudo-
Riemannian space form R42(c) of constant sectional curvature c. Then we have
K +KD ≥ 〈H,H〉+ c(4.1)
at every point in M .
The equality sign of (4.1) holds at a point p ∈ M if and only if, with respect to
some suitable orthonormal frame {e1, e2, e3, e4} at p, the shape operators at p take
the forms:
Ae3 =
(
2γ + µ 0
0 µ
)
, Ae4 =
(
0 γ
γ 0
)
.(4.2)
Proof. Assume that ψ :M → R42(c) is an isometric immersion of a space-like surface
M into a pseudo-Riemannian space form R42(c) of constant sectional curvature c.
If p ∈ M is totally geodesic point, i.e., h(p) = 0, then we have K(p) = −1 and
KD(p) = 0. So we have K +KD = c at p.
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If p ∈ M is a non-totally geodesic point, then we may choose an orthonormal
frame {e1, e2, e3, e4} at p such that the shape operators at p satisfy
Ae3 =
(
α 0
0 µ
)
, Ae4 =
(
δ γ
γ −δ
)
(4.3)
for some functions α, γ, δ, µ, with respect to {e1, e2, e3, e4}.
From (2.4), (2.13), (2.14) and (4.3) we know that the second fundamental form
of ψ satisfies
h(e1, e1) = −αe3 − δe4, h(e1, e2) = −γe4, h(e2, e2) = −µe3 + δe4.(4.4)
It follows from (4.4) and the equation of Gauss that the Gauss curvature K, the
normal curvature KD and the mean curvature vector H of M at p satisfy
K(p) = −αµ+ γ2 + δ2 + c,(4.5)
KD(p) = γ(µ− α),(4.6)
H(p) =
α+ µ
2
e3.(4.7)
From (4.5)-(4.7) we have
(4.8)
K(p) +KD(p) = 〈H(p), H(p)〉+
1
4
(2γ − α+ µ)2 + δ2 + c
≥ 〈H(p), H(p)〉+ c.
Consequently, we obtain inequality (4.1).
If the equality case of (4.1) holds at p ∈ M , then (4.8) implies that we have
δ = 0 and α = 2γ + µ. Hence, we derive (4.2) from (4.3).
Conversely, if we have (4.2) at p ∈M , then it is easy to verify that the equality
sign of (4.1) holds at p. 
Remark 4.1. Inequality (4.1) is a pseudo-hyperbolic version of an inequality of P.
Wintgen obtained in [10] (see, also [8]).
Remark 4.2. Every space-like totally umbilical surface in R42(c) satisfies the equality
case of (4.1) identically.
Remark 4.3. It follows from Theorem 4.1 that if a space-like surface M in R42(c)
satisfies the equality case of inequality (4.1) identically, then M is a Chen surface
(in the sense of [6, 7]).
Remark 4.4. It follows from Theorem 4.1 and conditions in (2.18) that if a space-
like surface M in R42(c) satisfies the equality case of inequality (4.1) identically,
then it has circular ellipse of curvature.
Remark 4.5. The minimal surface given by ψφ : H
2(− 13 ) → H
4
2 (−1) discovered in
[4] satisfies the equality case of (4.1) identically (with H = 0, c = −1).
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Remark 4.6. On the neutral pseudo-Euclidean 4-space E42 equipped with the metric
g2 = −dx
2
1 − dx
2
2 + dx
2
3 + dx
2
4,(4.9)
we may consider the canonical complex coordinate system {z1, z2} with
z1 = x1 + i x2, z2 = x3 + i x4.
The complex structure on E42 obtained in this way is called the standard complex
structure on E42. In this way, we can regard E
4
2 as a Lorentzian complex plane C
2
1.
Lemma 4.1. Every space-like holomorphic curve in C21 satisfies the equality case
of inequality (4.1) identically (with H = c = 0).
Proof. Let ψ :M → C21 be a holomorphic space-like curve in C
2
1. Let e1 be a unit
tangent vector field of M . Then e2 = Je1 is a unit tangent vector field of M which
is perpendicular to e1. Consider an orthonormal normal frame {e3, e4} of M in C
2
1
with e4 = Je3. Then it follows from ∇˜XJ = 0 that
Ae4X = JAe3X, ∀X ∈ TM.(4.10)
By applying (4.10) we know that the shape operator A satisfies
Ae3 =
(
a b
b −a
)
, Ae4 =
(
−b a
a b
)
(4.11)
for some functions a, b, with respect to {e1, e2, e3, e4}.
By applying (4.11) we obtain H = 0 and K = −KD = 2(a2+ b2). Therefore, we
obtain the equality case of (4.1) identically. 
5. An application to minimal surfaces in H42 (−1).
Recall that a function f on a space-like surface M is called logarithm-harmonic,
if ∆(ln f) = 0 holds identically on M , where ∆(ln f) := ∗d ∗ (ln f) is the Laplacian
of ln f and ∗ is the Hodge star operator. A function f on M is called subharmonic
if ∆f ≥ 0 holds everywhere on M .
In this section, we establish the following simple geometric characterization of
the minimal immersion ψφ : H
2(− 13 )→ H
4
2 (−1) given in section 3.
Theorem 5.1. Let ψ :M → H42 (−1) be a non-totally geodesic, minimal immersion
of a space-like surface M into H42 (−1). Then
K +KD ≥ −1(5.1)
holds identically on M .
If K + 1 is logarithm-harmonic, then the equality sign of (5.1) holds identically
if and only if ψ : M → H42 (−1) is congruent to an open portion of the immersion
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ψφ : H
2(− 13 )→ H
4
2 (−1) which is induced from the map φ : R
2 → E53 defined by
(5.2)
φ(s, t) =
(
sinh
(
2s
√
3
)
−
t
2
3
−
(
7
8
+
t
4
18
)
e
2s√
3 , t+
(
t
3
3
−
t
4
)
e
2s√
3 ,
1
2
+
t
2
2
e
2s√
3 , t+
(
t
3
3
+
t
4
)
e
2s√
3 , sinh
(
2s
√
3
)
−
t2
3
−
(
1
8
+
t
4
18
)
e
2s√
3
)
.
Proof. Assume that ψ :M → H42 (−1) is a non-totally geodesic, minimal immersion
of a space-like surfaceM into H42 (−1). Then the mean curvature vector H vanishes
identically. Thus, we obtain inequality (5.1) from (4.1).
From now on, let us assume that M is a minimal space-like surface in H42 (−1)
which satisfies the equality case of (5.1) identically. Then Theorem ?? implies that
there exists an orthonormal frame {e1, e2, e3, e4} such that the shape operators take
the following special forms:
Ae3 =
(
γ 0
0 −γ
)
, Ae4 =
(
0 γ
γ 0
)
.(5.3)
Hence, after applying (2.4), (2.13) and (2.14), we obtain
h(e1, e1) = −γe3, h(e1, e2) = −γe4, h(e2, e2) = γe3.(5.4)
It follows from (2.15), (5.4) and the equation of Codazzi that
e1γ = −2γω
2
1(e2) + γω
4
3(e2),(5.5)
e2γ = 2γω
2
1(e1)− γω
4
3(e1).(5.6)
Since the star operator satisfies
∗(dγ) = −(e2γ)ω
1 + (e1γ)ω
2,
Eqs. (5.5) and (5.6) imply that
∗ dγ = γ(ω43 − 2ω
2
1).(5.7)
Thus, we find from (2.16) and (5.7) that
(5.8) ∆γ = γ(2K −KD) +
∗(dγ ∧ ∗dγ)
γ
,
where ∆γ is the Laplacian of γ defined by ∆γ = ∗d ∗ dγ.
From (5.8) we deduce that
∆γ = γ(2K −KD) +
|dγ|2
γ
.(5.9)
On the other hand, it follows from
∆(ln(K + 1)) = ∗d ∗ d(ln(K + 1)), K = 2γ2 − 1
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that
(5.10)
∆(ln(K + 1)) =
(K + 1)∆K − ∗(dK ∧ ∗dK)
(K + 1)2
=
2γ2(4|dγ|2 + 4γ∆γ)− 16γ2|dγ|2
(K + 1)2
=
2γ∆γ − 2|dγ|2
γ2
.
Therefore, (5.9) and (5.10) yield
(5.11) ∆(ln(K + 1)) = 2(2K −KD).
Now, let us assume that K+1 is a logarithm-harmonic function, then Eq. (5.11)
gives KD = 2K. Hence, after combining this with the equality case of (5.1), we
obtain that KD = 2K = − 23 . Therefore, by applying Theorem 3.1, we conclude
that, up to rigid motions of H42 (−1), the minimal surface is an open portion of the
minimal surface ψφ : H
2(− 13 )→ H
4
2 (−1) induced from the map (5.2).
The converse can be verified by direct computation. 
Corollary 5.1. Let ψ : M → H42 (−1) be a minimal immersion of a space-like
surface M of constant Gauss curvature into H42 (−1). Then the equality sign of
(5.1) holds identically if and only if one of the following two statements holds.
(1) K = −1,KD = 0, and ψ is totally geodesic.
(2) KD = 2K = − 23 and ψ is congruent to an open part of the minimal surface
ψφ : H
2(− 13 )→ H
4
2 (−1) induced from (3.1).
Proof. Let ψ : M → H42 (−1) be a minimal immersion of a space-like surface M
into H42 (−1). If the Gauss curvature K is constant and the equality sign of (5.1)
holds, then both K and KD are constant. Therefore, by applying Theorem 3.1, we
obtain either Case (1) or Case (2).
The converse is trivial. 
6. Space-like minimal surfaces in E42 satisfying the equality.
It follows from Lemma 4.1 that there exist infinitely many non-totally geodesic,
minimal space-like surfaces in E42 which satisfy the equality case of inequality (4.1)
identically (with H = c = 0).
On the other hand, we have the following.
Proposition 6.1. Let ψ :M → E42 be a minimal immersion of a space-like surface
M into the pseudo-Euclidean 4-space E42. Then
K ≥ −KD(6.1)
holds identically on M .
If M has constant Gauss curvature, then the equality sign of (6.1) holds identi-
cally if and only if M is a totally geodesic surface.
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Proof. Let ψ :M → E42 be a minimal immersion of a space-like surface M into E
4
2.
Then inequality (6.1) follows immediately from Theorem ??.
Assume that the equality case of (6.1) holds identically. Then Theorem ??
implies that there exists an orthonormal frame {e1, e2, e3, e4} such that the shape
operator A takes the special forms:
Ae3 =
(
γ 0
0 −γ
)
, Ae4 =
(
0 γ
γ 0
)
.(6.2)
From (6.2) and the equation of Codazzi we find
e1γ = −2γω
2
1(e2) + γω
4
3(e2),(6.3)
e2γ = 2γω
2
1(e1)− γω
4
3(e1).(6.4)
If the Gauss curvature K is a nonzero constant, then the function γ is a nonzero
constant. In this case, (6.3) and (6.4) imply that
2ω21 = ω
4
3.(6.5)
Thus, after taking exterior differentiation of (6.5) and applying (2.16), we obtain
2K = KD. Combining this with the equality of (6.1) yields K = 0, which is a
contradiction. Therefore, we must have K = 2γ2 = 0. Consequently, M is totally
geodesic in E42.
The converse is trivial. 
Proposition 6.2. Let ψ :M → E42 be a minimal immersion of a space-like surface
M into E42. We have
(1) If the equality sign of (6.1) holds identically, then K is a non-logarithm-
harmonic function.
(2) If M contains no totally geodesic points and the equality sign of (6.1) holds
identically on M , then lnK is subharmonic.
Proof. Assume that M is a minimal space-like surface in E42 which satisfies the
equality case of (6.1), i.e., K = −KD identically. Then Theorem ?? implies that
there exists an orthonormal frame {e1, e2, e3, e4} such that the shape operator A
takes the special forms given by (6.2).
From (6.2) and the equation of Codazzi we obtain (6.3) and (6.4). Thus, we may
apply the same arguments as in section 5 to obtain that
(6.6) ∆(lnK) = 2(2K −KD)
at each non-totally geodesic point. Hence, after combining this with K = −KD,
we obtain K = 0. But this is impossible, since in this case lnK is undefined. This
proves statement (1).
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Next, assume that M contains no totally geodesic points and that the equality
sign of (6.1) holds identically onM . Then, we find from (6.2), (6.6) and K = −KD
that
∆(lnK) = 6K = 12γ2 > 0,
which implies that lnK is a subharmonic function. This proves statement (2). 
7. Space-like minimal surfaces in S42(1) satisfying the equality.
Now, we study space-like minimal surfaces in S42(1) satisfying the equality case
of inequality (4.1).
Proposition 7.1. Let ψ : M → S42(1) be a minimal immersion of a space-like
surface M into the neutral pseudo-sphere S42(1). Then
K +KD ≥ 1(7.1)
holds identically on M .
If M has constant Gauss curvature, then the equality sign of (7.1) holds identi-
cally if and only if M is a totally geodesic surface.
Proof. Assume that ψ :M → S42(1) is a minimal immersion of a space-like surface
M into S42(1). Then inequality (4.1) in Theorem ?? reduces to inequality (7.1).
Suppose that the equality case of (7.1) holds identically onM , then Theorem ??
implies that there exists an orthonormal frame {e1, e2, e3, e4} such that the shape
operator A takes the following special forms:
Ae3 =
(
γ 0
0 −γ
)
, Ae4 =
(
0 γ
γ 0
)
.(7.2)
Hence, by applying (2.4), (2.13) and (2.14), we know that the second fundamental
form h satisfies
h(e1, e1) = −γe3, h(e1, e2) = −γe4, h(e2, e2) = γe3.(7.3)
It follows from (7.3) that the Gauss curvature of M is given by K = 1 + 2γ2.
Now, let us assume that the Gauss curvature K is constant. Then γ is constant.
Let us suppose that M is non-totally geodesic in S42(1). Then, by applying (7.3)
and the equation of Codazzi, we find
2ω21 = ω
4
3.(7.4)
Thus, after taking exterior differentiation of (7.7) and applying (2.16), we obtain
2K = KD.(7.5)
By combining (7.5) with the equality of (7.1), we get KD = 23 .
On the other hand, it follows from (2.11) and (7.2) that KD = −2γ2 ≤ 0, which
contradicts to KD = 23 . Consequently, M must be totally geodesic in S
4
2(1).
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Conversely, if M is totally geodesic in S42(1), then we have K = 1 and K
D = 0.
So, we get K +KD = 1, which is exactly the equality case of (7.1). 
Finally, we prove the following.
Proposition 7.2. Let ψ : M → S42(1) be a minimal immersion of a space-like
surface M into S42(1). We have
(1) If the equality sign of (7.1) holds identically, then K − 1 is non-logarithm-
harmonic.
(2) If M contains no totally geodesic points and if the equality case of (7.1)
holds, then ln(K − 1) is subharmonic.
Proof. Assume that M is a minimal space-like surface of S42(1) which satisfies the
equality case of (7.1) identically,. Then we have K + KD = 1. Moreover, from
Theorem ?? we know that there exists an orthonormal frame {e1, e2, e3, e4} such
that the shape operator A satisfies
Ae3 =
(
γ 0
0 −γ
)
, Ae4 =
(
0 γ
γ 0
)
.(7.6)
Hence, we may applying the same arguments as in section 5 to obtain that
(7.7) ∆(ln(K − 1)) = 2(2K −KD).
If K − 1 is logarithm-harmonic, then Eq. (7.7) yields KD = 2K. Thus, after
combining this with the equality K +KD = 1, we obtain
KD =
2
3
.(7.8)
On the other hand, we find from (7.6) thatKD = −2γ2 ≤ 0, which contradicts to
(7.8). Consequently, K − 1 cannot be a logarithm-harmonic function. This proves
statement (1).
Next, assume thatM contains no totally geodesic points and if the equality case
of (7.1) holds. Then, we find from (7.6) and (7.7) that
(7.9) ∆(ln(K − 1)) = 4(3γ2 + 1) > 0.
Hence, ln(K − 1) is a subharmonic function. This proves statement (1). 
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